Abstract: The observation of GeV neutrinos coming from the Sun would be an unmistakable signal of dark matter. Current neutrino detectors have so far failed to detect such a signal, however, and bounds from direct and indirect dark matter searches may significantly restrict the possibility of observing it in future experiments such as Hyper-Kamiokande or IceCube-Gen2. In this work we assess, in the light of current data and of expected experimental sensitivities, the prospects for the detection of a neutrino signal from dark matter annihilations in the Sun. To be as general as possible, equilibrium between the capture and the annihilation rates in the Sun is not assumed in our analysis; instead, the dark matter scattering and annihilation cross sections are taken as free and independent parameters. We consider capture via both spin-dependent and spin-independent interactions, and annihilations into three representative final states: bb, W + W − , and τ + τ − . We find that when the capture in the Sun is dominated by spin-independent interactions, current direct detection bounds already preclude the observation of a neutrino signal in future experiments. For capture via spin-dependent interactions, a strong complementarity is observed, over most of the parameter space, between future neutrino detectors and planned direct and indirect dark matter detection experiments, such as PICO-500 and CTA. In this case, we also identify some regions of the parameter space that can be probed, via the neutrino flux from the Sun, only by future neutrino experiments.
Introduction
The identification of the dark matter, that mysterious form of matter that accounts for more than 25% of the energy-density of the Universe, is one of the most important open problems in particle and astroparticle physics today [1] [2] [3] [4] . The first step towards its solution would likely be the detection of the dark matter particle via non-gravitational interactions. That is the motivation behind the huge and varied experimental and theoretical effort currently underway aiming at observing a robust signal of the dark matter particle directly or indirectly [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] .
Direct detection experiments, on the one hand, search for the scattering of a dark matter particle off a target nucleus [17] [18] [19] [20] [21] [22] [23] [24] [25] , among other signatures [26] [27] [28] [29] . These experiments have, over the past few years, significantly improved the constraints on the dark matterproton elastic scattering cross section, σ p [30] . It is useful to distinguish, according to the type of interaction, two different scattering cross sections: the spin-independent, σ SI p , and the spin-dependent, σ SD p . The most stringent limits on σ SI p are currently set by the XENON1T and PANDA-X experiments [22, 31] . Both are still running and are expected to continue improving their limits over the next two to three years. Even bigger experiments with greater sensitivities, including XENON-nT [32] , Darwin [33] , DEAP-50T [34] and EURECA phase 2 [35] , are planned further into the future. On the spin-dependent front, the best limits on σ SD p are set by the PICO-60 experiment [36] . The PICO collaboration [37] has also proposed a 1-ton detector, PICO 500 [38, 39] , that will increase the sensitivity to a spin-dependent interaction by more than one order of magnitude.
Indirect detection experiments, on the other hand, try to detect the fluxes of SM particles (photons, neutrinos, e + ,p) that are produced when two dark matter particles annihilate with each other [40] [41] [42] [43] [44] [45] [46] . Such annihilation processes are more likely to occur in places where the dark matter density is high, such as the galactic center (GC), dwarf spheroidal galaxies (dSphs), or inside the Sun. Currently, the most stringent and solid bounds on the dark matter annihilation rate, σv, stem from the gamma-ray fluxes observed by FERMI (dSphs) [47, 48] and H.E.S.S. (GC) [49] . Such limits are usually displayed on the plane (M DM , σv) for given final states (e.g. W + W − ). In the near future, CTA, the Cherenkov Telescope Array, is expected to improve those limits in a significant way [50] [51] [52] [53] [54] [55] .
Dark matter particles can also be captured by the Sun and annihilate in its interior, producing a neutrino flux that can be observed at Earth (only the neutrinos can escape). If detected, such GeV neutrinos would provide unmistakable evidence in favor of (WIMP) dark matter [56] [57] [58] [59] 1 . The resulting neutrino flux depends, on the particle physics side, both on the dark matter scattering cross section off nuclei, which determines the capture rate in the Sun, and on the dark matter annihilation rate (σv) and final states, which dictate the efficiency of the neutrino production. Therefore, the neutrino signal from dark matter annihilation in the Sun, which has led to a multitude of studies [59, [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] , lies in-between direct and indirect detection. When equilibrium is reached between the capture and the annihilation rates in the Sun, the neutrino flux no longer depends on σv but only on the scattering cross section and the annihilation final states -and M DM . This equilibrium condition, which is often assumed in the literature, simplifies the analysis and allows to translate the experimental limits on the neutrino flux from the Sun on a bound on either σ SI p or σ SD p for given final states, typicallly bb, W + W − and τ + τ − . Currently, the most stringent bounds come from Super-Kamiokande, at low dark matter masses (M DM 200 GeV), and from IceCube. In the future, improved sensitivities to a neutrino flux from dark matter annihilations in the Sun are expected from Hyper-Kamiokande (HK) [75] and IceCube-Gen2 (IC-Gen2) [76] as well as with KM3NeT [77, 78] .
Our goal in this paper is to assess the role of neutrino telescopes in the discovery of dark matter annihilations in the Sun in prospect with ongoing and future direct and indirect experiments. We start reviewing, in the next section, the key ingredients for a neutrino signal from dark matter annihilations in the Sun. Then, we outline the current and projected experimental sensitivities on such signals, and next present our findings exploiting the interplay with flagship experiments in the search for the direct and indirect detection of dark matter. Finally, we discuss our results and draw our conclusions.
The neutrino flux from DM annihilations in the Sun
Dark matter particles can accumulate in the core of the Sun and annihilate with one another, giving rise to a neutrino flux that could be detected at Earth. The theory behind these processes is by now well-established and the calculations necessary for a reliable prediction of the neutrino flux have already been incorporated into multiple programs such as DarkSUSY [79] , micrOMEGAs [80] or PPPC [44] . For completeness, we will simply review here the most salient features. 1 We left out the discussion concerning neutrinos signals from other regions such as the galactic halo because in this case the possibility for a neutrino signal is hampered by the existence of more promising indirect detection probes [60] .
The evolution of the number of dark matter particles in the Sun, N χ , is described bẏ
where C χ and A χχ are respectively the capture and annihilation rates. The evaporation rate was neglected in this equation as it is relevant only for dark matter masses below few GeVs. The annihilation rate, A χχ , is determined by the dark matter annihilation cross section,
where V ef f is the effective volume of dark matter in the Sun [80] . The capture rate, C χ , is instead set by the dark matter scattering cross section on nuclei. Its value for the Sun can be approximated as [44] C χ ≈ 5.9 × 10 26 s
From this equation we can see that if the spin-dependent cross section (σ SD ) and the spin-independent one (σ SI ) had the same value, dark matter capture in the Sun would be largely dominated by spin-independent interactions. It turns out, though, that the limits on σ SI are orders of magnitude more stringent than those on σ SD , which tends to favor capture via spin-dependent interactions. In our analysis, we will in any case consider separately capture via spin-independent interactions (in section 4.1) and spin-dependent ones (in section 4.2).
For the Sun, equilibrium between the capture and annihilation processes is reached when C χ A χχ t 1 with t = 4.6 × 10 9 years. In that case, which is often assumed, the annihilation rate is determined by the capture rate, A χχ N 2 χ = C χ , which in turn depends on the dark matter scattering cross section off nuclei. One of the novelties of our analysis is that we do not assume equilibrium. Instead, we consider the dark matter scattering and annihilation cross sections as free parameters and determine the regions where equilibrium is reached. The dotted lines in figures 1-6 correspond to the condition C χ A χχ t = 1.
If the dark matter particle annihilates into the final state ff (being f any SM particle), the neutrino flux at the Earth is given by 4) where N f is the neutrino spectrum from that final state. Such spectra were calculated, taking into account oscillations and medium effects, in [81] . In our analysis we consider three possible final states: bb, W + W − , and τ + τ − . The first one gives rise to a soft neutrino spectrum whereas the other two yield hard spectra, offering better prospects for detection.
Current limits and future sensitivities
As seen in the previous section, the neutrino signal from dark matter annihilations in the Sun depends, on the particle physics side, on just four quantities: the dark matter mass (M DM ), the dark matter scattering cross section off protons (σ p ), the dark matter annihilation branching fractions into different final states, and the dark matter total annihilation rate (σv). Different combinations of these quantities are constrained by neutrino experiments and also by direct and indirect detection experiments. In this section we briefly review these constraints and the expected future sensitivities. Neutrino detectors could directly observe the GeV neutrinos produced by the annihilation of dark matter particles captured in the Sun. So far, no evidence of such neutrinos has been detected, implying a limit on its flux. During the last few years, data from Baksan [82] , Super-Kamiokande [56] , ANTARES [83] , and IceCube [57] has been used to set significant limits on the neutrino flux.
At low dark matter masses, M DM 100 GeV, the most stringent constraints come from Super-Kamiokande (SK). They are based on 3903 days of data and were translated, assuming equilibrium, into upper bounds on the spin-dependent or spin-independent cross sections for a given dark matter mass (below 200 GeV) and annihilation final state -see Table I of [56] . At higher dark matter masses, it is IceCube (IC) that sets the most stringent bounds on the neutrino flux from the Sun [57] . The latest IC limits were based on 3 years of data and covered the mass range between 20 GeV and 10 TeV. As before, they can be used to set constraints, assuming equilibrium, on the spin-dependent and the spin-independent dark matter scattering cross sections.
The standard way of constraining these scattering cross sections is, however, via dark matter direct detection experiments [30] . This year, new and more stringent limits on the scattering cross section were released for both spin-dependent and spin-independent interactions. For spin-independent interactions, the most stringent limits were obtained by the XENON1T collaboration [31] (recently the PANDAX collaboration announced slightly stronger limits [22] ). They are based on 34.2 lives day of data and supersede the previous bounds from LUX [84] . For spin-dependent interactions, the best constraints on the scattering cross section off protons was set by the PICO-60 collaboration [36] . These limits improved previous results by more than one order of magnitude. One of the goals of this work is precisely to analyze the impact that these new limits have on the possible observation of a neutrino signal from dark matter annihilation in the Sun.
Regarding future neutrino detectors, we consider Hyper-Kamiokande [75] and IceCubeGen2 [76] . Hyper-Kamiokande (HK), a successor of Super-Kamiokande (SK), is a next generation water Cherenkov detector to be built in Japan. With a fiducial mass about 20 times larger than that of SK, HK is expected to improve the currents bounds on proton decay by about an order of magnitude and to play a crucial role in answering some of the most important open questions in neutrino physics [85] [86] [87] . Regarding dark matter, the sensitivity of HK to a neutrino signal from dark matter annihilation in the Sun is expected to be a factor 3 or 4 greater than that of SK [88] . IceCube-Gen2, currently under design study, is a next generation Antartic neutrino observatory that aims at increasing the instrumented volume to about 10 km 3 [76] . Current proposals add 120 strings to the detector, with different spacings and geometries [89, 90] . Since the design details still need to be finalized, the precise sensitivity of IceCube-Gen2 to a neutrino signal from dark matter annihilations in the Sun cannot yet be determined. But, given its larger volume and better angular resolution, an improvement of up to one order of magnitude could be expected with respect to the sensitivity of IceCube. For definiteness, we assume in our analysis that the sensitivity of IceCube-Gen2 is exactly a factor 10 better than the current IceCube bounds. Important sensitivity improvements are also expected, within the next decade, in direct and indirect dark matter detection experiments. On the indirect detection front, the most significant one will likely come from CTA [91] , the Cherenkov Telescope Array. With more than 100 telescopes located in both hemispheres, CTA will play a crucial role in indirect (via gamma-rays) dark matter searches [54] . A detailed analysis of the expected sensitivity of CTA to a dark matter signal (from the galactic center) was presented in [51] . In our figures, we use those results for the CTA sensitivity. On the direct detection front, new limits are expected, in the short term, from XENON1T and PANDAX-II, which are currently running. Farther into the future, new experiments such as XENON-nT or Darwin are expected to take lead and provide the most stringent limits.
Results
When equilibrium is reached in the Sun between the capture and the annihilation rates, the limits on the neutrino signal can be displayed on the plane (m χ , σ p ) for a given final state. Since we do not want to assume equilibrium, we need to find another way of displaying the four variables that determine the neutrino signal. A good choice seems to be the plane (σv, σ p ) for a given final state and for representative values of the dark matter mass, say 10 GeV, 100 GeV, 1 TeV, and 10 TeV. In addition, since σ p could be due to spin-independent or spin-dependent interactions, it is useful to separately consider these two cases. That is the way the parameter space is displayed and analyzed in figures 1-6.
This parameter space is constrained not only by direct detection experiments and by neutrino detectors but also by indirect detection searches. The current limits from indirect detection are set by the Fermi-LAT observations of dwarf spheroidal galaxies, for M DM ≤ 100 GeV, and by the HESS limits from the galactic center at heavier masses. In figures 1-6, the most stringent constraints on the parameter space are shown as well as the expected sensitivities to be reached in future experiments.
Capture via spin-independent interactions
Our results for dark matter particles that have been captured in the Sun via spin-independent interactions are shown, for the bb, W + W − and τ + τ − annihilations channels, respectively in figures 1-3. Each figure consists of four panels corresponding to different dark matter masses: 10 GeV, 100 GeV, 1 TeV, and 10 TeV. In a given panel, the allowed regions of the parameter space, including current bounds (shaded areas and solid lines) and future prospects (dashed lines), are illustrated in the plane (σv, σ SI p ). In addition, the region where equilibrium is reached between capture and annihilation in the Sun is shown as a dotted blue line.
For the bb final state, which produces a soft neutrino spectrum, we see from figure 1 that future neutrino bounds, from HK and IC-Gen2, will only probe regions which are largely excluded by direct detection experiments. In fact, for dark matter masses of 10 and In this figure it is assumed that the dark matter particle has only spin-independent interactions and that it annihilates into the bb final state. Shaded areas and solid lines denote current bounds while future sensitivities are displayed as dashed lines. The dotted line is the boundary of the equilibrium region for the Sun.
100 GeV the entire equilibrium region is already ruled out by the bounds from Fermi-LAT and XENON1T, illustrating the complementarity between direct and indirect detection searches. For higher dark matter masses, the bounds on the dark matter scattering cross section and on the annihilation cross section weaken. The limits from direct detection experiments for dark matter masses much heavier than the target mass scale linearly with the dark matter mass since the local number density of dark matter particles is fixed. As for indirect dark matter detection, the limit weakens because the flux of gamma-rays from dark matter annihilation is inversely proportional to the dark matter mass squared. That is why, for higher dark matter masses the equilibrium regions is not entirely excluded, but it will be significantly reduced by the future bounds from XENON1T and CTA.
For the W + W − final state (figure 2), the neutrino constraints (and future sensitivities) are much stronger but still fall well inside the region excluded by direct detection experiments. Notice that current bounds practically exclude the equilibrium region for M DM = 100 GeV and that future ones will do the same for M DM = 1 TeV.
It is for the τ + τ − final state that the neutrino detectors are most competitive, as illustrated in figure 3 . In this case the future limits from IC-Gen2 will reach, for M DM = 1 TeV, almost the same sensitivity as current direct detection experiments, but they will still fail to probe new viable regions of the parameter space.
From figures 1-3 we can conclude that if the dark matter has only spin-independent interactions, future experiments will be unable to detect a neutrino signal from dark matter annihilations in the Sun, irrespective of the dark matter mass or the annihilation final state.
Capture via spin-dependent interactions
If the dark matter particle has spin-dependent interactions the detection prospects of a neutrino signal from the Sun improve significantly, as illustrated by figures 4-6. From Figure 3. The relevant parameter space for neutrino signals from dark matter annihilations in the Sun. In this figure it is assumed that the dark matter particle has only spin-independent interactions and that it annihilates into the τ + τ − final state. Shaded areas and solid lines denote current bounds while future sensitivities are displayed as dashed lines. The dotted line is the boundary of the equilibrium region for the Sun. Figure 4 , where the final state bb is considered, it can be seen that, for all dark matter masses, current experiments probe only part of the equilibrium region, leaving plenty of room for a possible neutrino signal. It is only for M DM = 1 TeV, however, that future neutrino detectors will be able to probe a small region of the viable parameter space, and that region lies well inside the expected sensitivity of PICO-500.
The final state W + W − is analyzed in figure 5 . In this case we see that the bound on the spin-dependent cross section for M DM = 1 TeV is actually set by the IceCube experiment rather than by direct detection experiments. In fact, for such a dark matter mass, the expected sensitivity of neutrino detectors and of dark matter detection experiments is similar. That is, if a signal were observed in IceCube-Gen2, it should also be observed in PICO-500, and vice versa. For other dark matter masses, PICO-500 has a greater reach. In any case, both experiments will probe new regions of the parameter space independently of the dark matter mass. From the figure it can be seen that, over a wide region of the parameter space, a neutrino signal from dark matter annihilations in the Sun could be observed in future neutrino experiments. If it were indeed observed, we would expect to observe a signal also in direct detection experiments.
Finally, we analyze the final state τ + τ − in figure 6 . Notice that for M DM ≥ 100 GeV the current bounds on the spin-dependent cross section are set by IceCube. In the future, both types of experiments, neutrino detectors and dark matter detection experiments, will probe viable regions of the parameter space. For dark matter masses of order 1 TeV, the reach of neutrino detectors is expected to be higher whereas at larger or smaller masses it is PICO-500 that has a higher reach. Thus, depending on the dark matter mass, it may be that only the neutrino signal is observed (for M DM ∼ 1 TeV) or that both, the neutrino and the direct detection signals, are detected. Notice that at a dark matter mass of 10 GeV it is Hyper-Kamiokande rather than IceCube-Gen2 that could detect the neutrino signal from dark matter annihilations in the Sun, illustrating the complementarity among different experiments.
Discussion
In our study we tried to be rather general: we did not consider a specific particle physics model, but rather took the relevant properties of the dark matter particle as free parameters; we examine capture in the Sun via both spin-independent and spin-dependent interactions; for dark matter annihilations, the most representative final states were separately considered; we varied the dark matter mass over the entire range of interest for a neutrino signal from the Sun; and, we did not assume equilibrium between the capture and the annihilation Figure 6. The relevant parameter space for neutrino signals from dark matter annihilations in the Sun. In this figure it is assumed that the dark matter particle has only spin-dependent interactions and that it annihilates into the τ + τ − final state. Shaded areas and solid lines denote current bounds while future sensitivities are displayed as dashed lines. The dotted line is the boundary of the equilibrium region for the Sun.. rates in the Sun. Still, it is not difficult to envision even more generic frameworks where some of our assumptions do not hold.
For isospin-violating dark matter [92] [93] [94] [95] , for example, the dark matter coupling to the proton and the neutron are different, so that σ p no longer suffices to characterize the dark matter-nucleon interactions. In that case, the signal regions will shift for both, direct detection experiments and the neutrino flux from the Sun, as recently emphasized in [96] . Regarding the dark matter interactions with nucleons, we assumed they were dominated by either spin-dependent or spin-independent operators, but more exotic possibilities, such as momentum dependent interactions or inelastic scattering, have also been considered in the literature [97] [98] [99] [100] . Such alternative scenarios lie beyond the scope of the present paper.
Our results, as presented in the previous section, are valid for a dark matter particle that annihilates entirely into a single final state -either bb, W + W − or τ + τ − . In certain models, such final states are indeed dominant and our conclusions directly apply to them, whereas in other models more than one final state can contribute and one may need to interpolate from the figures. In any case, this way of presenting the current bounds and the expected future sensitivities seems to be the only way of keeping our results model independent, and is the same procedure followed by the experimental collaborations.
Conclusions
We assessed the prospects for the detection of a neutrino signal from dark matter annihilations in the Sun taking into account current limits and expected future sensitivities from neutrino detectors as well as from direct and indirect dark matter detection experiments. Throughout our analysis, we did not assume equilibrium between the capture and annihilation rates in the Sun but rather took the dark matter scattering and annihilation cross sections as free parameters. We considered capture via spin-independent and spindependent interactions and annihilations into three possible final states: bb, W + W − , and τ + τ − , which give rise to both, soft and hard neutrino spectra. For spin-independent interactions, we found that current limits from direct detection experiments already preclude the observation of a neutrino signal in future experiments. For spin-dependent interactions, we did find regions of the parameter space where future neutrino telescopes could play a role in the detection and the identification of the dark matter particle. Interestingly, most of such regions feature a strong complementarity between future neutrino detectors and planned direct and indirect dark matter detection experiments, such as PICO-500 and CTA. In addition, we identified some regions of the parameter space that can be probed, via the neutrino flux from the Sun, only by future neutrino experiments.
